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The problem of the drag of a plate moving in a weak polymer  solution is solved on the basis of a 
t h r ee - l aye r  schematizat ion of the velocity distribution in the turbulent boundary layer .  

The p resence  of polymer  macromolecu le  s in a flow leads to a substantial reduction in turbulent fr ict ion [1]. The 
problem of the drag of a plate moving in a weak polymer  solution is of both pract ical  and theoret ical  interest ,  
and a considerable amount of attention has been devoted to its solution [1]. The simplest  rel iable method of 
calculating the r e s i s t ance  cha rac t e r i s t i c s  of a plate is based on the solution of integral momenta  equations. The 
effect of additives on turbulence is manifest  in a change in the velocity profile in the boundary layer .  In [2-5] 
use was made of a logar i thmic  distr ibution of dimensionless  mean velocity 

u + =  1 !n~l+B,  (1) 

in which the p resence  of addit ives led to an increase  in the pa ramete r  B compared to its value B ~ 5.5 in a 
Newtonian fluid: 

v, (2) B = 5 . 5 + a l n ~ - . .  

Information on different values of ~ and v ~ for different po lymers  is contained in [6-81. 

In [2-5], Eqs. (1) and (2) were used to obtain approximate formulas  for the loca l -d rag  coefficient of a 
plate of moving in a uniform polymer  solution. In [9], a sys tem of formulas  more  complicated than (2) was 
used to find pa rame te r  B and a numerica l  solution was obtained for a problem of plate drag. 

An attempt was made in [2] to obtain an exact  soIution for integral  momenta  equations on the basis of 
(1) and (2), but an e r r o r  was made during the t ransformat ions  [1, 5] and the final formula for of lacks s e v e r n  
neces sa ry  t e rms .  There  a re  two basic  difficulties with the use of Eqs. (1) and (2) in drag calculations.  It is 
known that polymer  additives significantIy inerease  the thickness of the buffer zone of the flow, which may 
spread over  the ent i re  thickness of the boundary layer ,  and the region of Iogar i thmic velocity profile (1) may 
on the whole be absent. Moreover ,  Eq. (2) does not consider  the existence of asymptotes  of maximum drag 
reduction,  which l imit  the amount  of reduct ion in fr ict ion in polymer  soIutions (the value of B in (2) increases  
without l imit  with an increase  in the pa ramete r  v . / v  ~ 

In connection with the above, it is best  to use the t h r ee - l aye r  velocity profile schematizat ion proposed 
in [10] in calculations of turbulent boundary l aye rs  in Iiquids with polymer additives. The flow region in the 
boundary layer  is broken down into three zones - v i s c o u s  sublayer ,  buffer zone, and external  flow region: 

I 

I 1 In~l+B', ~qo<~l~h, u + = z' (3) 

9r 

where the p a r a m e t e r s  ~ ,  ~ ' ,  B '  and 70 are  constant (% = 0.4, ~ ' ~ 0.085, B'  = -17 .0 ,  70 =11.6). 

The work [11] p resen t s  resu l t s  of numerous  measurements  of velocity in a turbulent flow of weak polymer  
solutions, making it possible to judge the advantages of scheme (3) compared to (1). 
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The following re la t ion  was used in [10] for the p a r a m e t e r  r/t 

.ot  , 

n,  = (4) / 
/ 

Equations (3) and (4) a re  in a cer ta in  sense  a genera l iza t ion  of Eqs.  (1) and (2): the values  of drag ca l -  
culated according to the t h r e e - l a y e r  scheme and scheme  (1) and (2) coincide when ~6 >> ~h. 

A solution is obtained below for  a p rob lem of the f r ic t ional  r e s i s t a n c e  of a smooth plate  in a flow of a 
weak po lymer  solution. Equations (3) and (4) a r e  used to obtain the solution. It should be noted that [12] 
examined the drag of a plate  on the bas i s  of t h r e e - l a y e r  scheme (3). Here  it was a s sumed  that ~1 in (3) is a 
function of the concentrat ion and molecu la r  c h a r a c t e r i s t i c s  of the d issolved po lymer  but - in cont ras t  to (4) - 
that it does not depend on the p a r a m e t e r  v , .  The assumpt ion  employed in [12] r ega rd ing  the p a r a m e t e r  Vt 
does not allow for considera t ion of the exis tence of a threshold  value v ~ and an i nc rea se  in the degree  of 
drag reduct ion with an i nc r ea s e  in the Reynolds number .  

The integral  m om en t a  re la t ion  for a fiat  plate  has  the fo rm [13] 

8 

d(6+2v+ ) 1 62= 1 ; 
d---7-- = (v+)--~' ~fi u ( U - -  u) dr, 

0 

6ov, U Ux 
6 + =  , v + u +(*1~)  

V ,  

(5) 

Po lymer  addit ives only slightly i nc r ea s e  fluid v i scos i ty  at low concentra t ions  and have a lmos t  no effect  
on the cr i t ica l  Reynolds number  a s soc ia t ed  with the t rans i t ion  to turbulent  flow. In connection with this,  we 
will a s sume  that  the re  is  a l amina r  boundary l ayer  in the fo rward  pa r t  of the plate and that the Blas ius  so lu-  
tion is valid for this  l aye r .  F r o m  the condition of continuity of the momen tum th ickness  at the boundary of the 
r e g i m e  t rans i t ion,  we obtain 

0.664 ]/~,  = 6+~ +. (6) 

As in [2-5, 9], we will ignore the v iscous  sublayer  in calculat ing the quantity 62 + in the turbulent  boundary l aye r .  

Loca ted  beyond the sect ion occupied by the l amina r  boundary l aye r  a r e  three  reg ions  of the turbulent  
boundary l ayer  with different  ve loci ty  d is t r ibut ions .  

In the region sat is fying the inequality 76 - ~0(~5/~)  ~ ,  the effect  of the po lymer  addit ives will sp read  
over  the ent i re  th ickness  of the boundary l a y e r .  The veloci ty  prof i le  in this  region is approx imated  by a l oga r i th -  

�9 t t ~ + role d is t r ibu t 'on  with the p a r a m e t e r s  z and B . The following fo rmula  holds for 62 

62+-- (v+) 2 lnt  l + B '  v + - - l n n - - B '  d = 1 . (7) 
�9 X,' ~r + " ~4'U + 
0 

At ~15 > ~/~, the effect  of the po lymer  addi t ives  will be mani fes t  in an inc rease  in the th ickness  of the buffer  
region of the flow. The veloci ty  profi le  in this case  cons i s t s  of two sect ions  of logar i thmic  dis t r ibut ions:  

(u + = ( x , ) - l l n ~ + B , ,  t ] ~ ;  u + = •  th<~q~Ms). 

The momen tum th ickness  is  e x p r e s s e d  in the f o r m  

) ( )( 6 + =  ~6 (1 2 __ I h 1 1 v + - 2 u ~ +  2 + 
~ v  + •  + ( v + ) ~  •  • •  " ( 8 )  

u + =  1 l n / h + B , "  
X, r 

At ~75 -< ~ ,  the po lymer  addit ives have no effect  on the turbulent  ve loc i ty  prof i le ,  and the d imens ion less  
momen tum th ickness  is calculated f r o m  the fo rmula  
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6 ~ - - - z v  +~1~ ( i - -  xv +2 ) .  (9) 

The d i m e n s i o n l e s s  th i ckness  of the  boundary  l aye r  ~6 can be d e t e r m i n e d  by means  of the nfr ic t ion law" 
which fol lows f r o m  (3) a t  77 = ~/5: 

I f-~-'~ In % . +  B ' ,  ~1~ ~ ~10 (~l~/~lg) ~ 

/ 

v+ = / t}__ In ~16 + B ,  q8 > ~1 ~ 
! • 

I 1-U In ~16 + Bo, ~16 ~ vl~ �9 
( • 

( l o )  

The fol lowing r e l a t i o n  holds  for  p a r a m e t e r  B in (10) 

- -  - o , ( 1 1 )  B = B ' +  • ln~q~=Bo+ z' z v ,  

1 1 ) ln%. 

C o m p a r i n g  (2) and (11), we find the r e l a t i on  be tween c~ and ,I~ at  which the va lues  of p a r a m e t e r s  B in Eqs .  
(1) and (3) coincide:  

1 1 ) T .  
0C z ~4' 

It m us t  be noted  that ,  depending on the r e l a t i on  be tween the p a r a m e t e r s  r ,  v + = U/v  ~ and % the b o u n d a r y -  
l a y e r  r eg ions  in which Eq.  (7) or  Eqs .  (7) and (8) a r e  val id  fo r  de t e rmin ing  52 + may  be absen t .  

Subst i tut ing the quant i ty  ~76 f r o m  (10) into (7)-(9) and the l a t t e r  into (5), we obtain an ana ly t ica l  solut ion 
of the p r o b l e m  of the f r i c t iona l  r e s i s t a n c e  of a smooth  pla te  moving  in a un i fo rm  p o l y m e r  solut ion.  

At ~6 -< V0(~6/V~ )g' '  the  quanti ty v + is r e l a t e d  to the p a r a m e t e r  r by the fo rmu la  

1 r -- exp [• (v + - -  B')][(• z - -  4•  + - -  61 q- Si. (12) (• 

At ~5 > 77~, the following r e l a t i on  is val id  

r = A~ + A2 + $2, (13) 

A, = exp ( - - •  C~ -~- _ _  Ct - -  2 - -  Co 
~ 2  ' 

(1 1)[ �9 2 

+ 2 - - 4 W - - 2 T z  ] ,  tF:r ~=/=2, 
(1 - -  ~z)  • ( )[4 1 I + •  

~h v+ .In v + • :4 

v + In v + I ~ 1,  
+ In v + 2• ' = 

T = - 2 ,  

A 2 
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E (zv+)n (k = 0, 1, 2). 
Ch = (v+) ~+h+' n! (~• + h + k  q- 1) 

For  integral  values a~ = m, we will have 

i (m+kl, Ch= exp(• +) (v+)-'---~--m + •  (--l)m-~h • 51- ~ ~ ] 

At ~76 -< ~ ,  we obtain a re lat ion connecting r with v + which is valid for the turbulent boundary layer  of 
a Newtonian fluid: 

1 
r ---- - - e x p  [• + -  B0)lL(• a -  4• + q- 61 q- $3. (14) • 

The above formulas  also alIow us to solve the problem of the development of a turbulent boundary layer  
on a plate on the basis  of scheme (1) and (2). In this case ,  we should set  71 = 0 in Eqs. (8). The relat ion between 
the pa rame te r s  r and v + in this case will have the form 

r = At -t- S~. (15) 

The p a r a m e t e r s  Si(i = 1, 2, 3, 4) in (12)-(16) are  cons tantsof in tegra t ion .  They are  found f rom the condi- 
tion of continuity of the momentum thickness at the boundaries of the regions  in which different formulas  are  
used for the mean-veloc i ty  profi les.  

Leaving the t e rms  containing the higher power of v + in the formula  for A t (see (13)) and using (15), we 
obtain the approximate re la t ion 

r~-~-  (16) 

Equation (16) was obtained in [2] with S 4 = 0 (i.e., without allowance for the region of the laminar  boundary 
layer) .  

Figure 1 shows resu l t s  of calculation of the loca l -d rag  coefficient of the plate cf = 2 / (v~  2. The polymer  
additives reduce  turbulent drag on the forward par t  of the plate at v ,  > v ~ The grea te r  the value of the p a r a m -  
eter  c~, the m o r e  substantial the effect of the additives in reducing turbulent drag.  Each value of U/v ~ c o r -  
responds  to a cer ta in  value of r 0 at which the additives cease  to have an effect on turbulence.  The coordinate 
r 0 can be determined by substituting the value of v + = v + into (14). 

Figure 2 shows resu l t s  of calculation of the to ta l -d rag  coefficient C F of the plate in relat ion to the 
Reynolds number R = UL/u (L is the length of the plate): 

L L 
1 f 2 f d62 dx= 262(L) Cp= T .  c/lx= T .  ax L 

0 0 

The drag coefficient begins to decrease  when the condition v.(L) > v ~ is satisfied, with the size of the 
reduct ion increas ing with an increase  in velocity.  At a sufficiently high velocity,  the drag curve joins upwith the 
max imum-drag- reduc t ion  asymptote .  

With the flow of a weak polymer  solution about a smooth plate, the boundary layer  is smal ler  compared 
to the ease of motion of the plate in pure solvent. Figure 3 shows the effect of pa ramete r  a on the thickness 
of the boundary l aye r .  

Table 1 shows the resu l t s  of calculations obtained according to scheme (3) and (4), scheme (1) and (2), 
approximate formula  (16) at S 4 = 0, and the method of conversion of the flow charac te r i s t i c s  of a liquid with 
polypaer additives based on the concept of an effective Reynolds number [2]. We used the values a = 15 and 
R/v~ = 2.5-104 in the calculations.  It is apparent  f rom the data in Table 1 that, at high Reynolds numbers ,  
calculations based on Eqs. (1) and (2) yield lower values of plate drag coefficient than are obtained with ca l -  
culations based on scheme (3) and (4). The accuracy  of the approximate formulas  for calculating C F dec reases  
considerably with an increase  in the Reynolds number.  

1198 



c r c ~ - -  1 Y 

2 2 
.d3 

10-3 , 

8 
8 

/04 ~ 68108 2 4 6 8107 2 4 6 n 2 4 8 BIO ~ 2 4 0 BIO 7 2 4 $ R 

F i g .  1 F i g .  2 

F i g .  1. D i m e n s i o n l e s s  l o c a l - d r a g  c o e f f i c i e n t  of  p l a t e  at  v + = 400, r .  = 3 �9 105; 
1) d r a g  c o e f f i c i e n t  wi th  l a m i n a r  r e g i m e  of  f low about  the  p l a t e  (cf = 0.664/g-~);  
2) a s y m p t o t e  of  m a x i m u m  d r a g  r e d u c t i o n  o b t a i n e d  on the b a s i s  of the  l o g a r i t h -  
m i c  v e l o c i t y  p r o f i l e  (n~ -- 0.085,  B T = - 1 7 . 0 ) ;  3) c~ = 0; 4) 5; 5) 10; 6) 15. 

F ig .  2. T o t a l - d r a g  coe f f i c i en t  of p l a t e :  1) c a s e  of l a m i n a r  f low about  p la t e  
(CF=l .328 /~r -R) ;  2) a s y m p t o t e  of m a x i m u m  d r a g  r e d u c t i o n ;  3) c~ = 0; 4) ot = 5, 
R / v  + = 2.5 �9 10~; 5) 15 and 2 . 5 .  104; 6) 5 and 2.5 �9 105; 7) 15 and 2 . 5 , 1 0 5 .  

S 5 
2 4, 5 7 , 

:f///Z(. 

/or ~/" v p i i r i l 
)0 -z 2 § n e d '  Z 4 a x/z 

F i g .  3. Ef fec t  of  p o l y m e r  a d d i t i v e s  on 
the  t h i c k n e s s  of the  t u r b u l e n t  b o u n d a r y  
l a y e r  a t  v + = 10 4 and  R =  5.10T: 1) 
d i m e n s i o n l e s s  t h i c k n e s s  o f  l a m i n a r  
b o u n d a r y  l a y e r ,  5 / L  = 5 . 0 x / ( L / g - r  ); 2) 
6 / L  in the  c a s e  of  m a x i m u m  ef fec t  of  
p o l y m e r  a d d i t i v e s  on t u r b u l e n c e ;  3) u = 
0; 4) 2.5; 5) 5; 6) 10; 7) 15. 

T A B L E  1. Da ta  on C a l c u l a t i o n  of T o t a l - D r a g  C o e f f i c i e n t  of  P l a t e  a t  
= 15 and R / v + o  = 2.5 o10 4 

Reynolds scheme (3) Drag coefficient of 4ate Cp �9 103 
number R and scheme(1)and(2) Eq. (16) gq. (22) in [2] 

(4) 

l0 s 
3,16 10 s 

10~ 
3,16 10~ 

2,6476 
1,4289 
0,8776 
0,6036 

2,6789 
1,4235 
0,7730 
0,4397 

2,2222 

1,1130 
0,6286 
0,4164 

2,9006 
1,2925 
0,5760 
0,2567 
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Thus, the results  obtained show that, to improve the accuracy of calculations of turbulent drag in the 
flow of liquids with polymer additives, it is necessary to allow for the increase in the thickness of the buffer 
region of the boundary layer and the existence of the maximum-drag reduction asymptote. 

N O T A T I O N  

u, longitudinal component of velocity; ~'W, friction stress on the wall; v . ,  dynamic velocity; y, distance 
from wall; n ,  n ~, B, B0, B t, parameters of the logarithmic velocity profile; v, kinematic viscosity of the solu- 
tion; p, density; u + = u /v . ,  dimensionless longitudinal component of velocity; ~? = yv. /v ,  dimensionless distance 
from wall; a,  ~,  parameters characterizing the effect of the additives on turbulence; v ~ threshold value of 
dynamic velocity; T0, dimensionless thickness of viscous sublayer; ~?l, boundary of buffer zone; 6, thickness of 
boundary layer; ~75 = 6v,/v,  dimensionless thickness of boundary layer; ~ = 5v~/v; 52, momentum thickness; 
6~" = 62v./v; v + = u+(~6) = U/v.;  u 1 = u+(~i); v0 + = U/v~; U, velocity of liquid at external boundary of boundary 
layer; x, longitudinal coordinate; r = Ux/v, local Reynolds number; r . ,  critical value of Reynolds number 
associated with transition from laminar to turbulent flow regime; Si, $2, $3, $4, constants of integration; cf, 
local-drag coefficient; CF, total-drag coefficient; L, length of plate; R = UL/v, Reynolds number obtained in 
accordance with plate length. 
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